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Abstract 

o 

! We described a (/-deformation of a quantum dynamics in one di- 

mension. We prove that there exists only one essential deforamtion of 
quantum dynamics. 



43 ! 1 Introduction 



Many theoretical physicists try to construct physical models based on non- 
commutative geometry @, A large family of such models there are de- 
formations of standard commutative (classical and quantum) dynamics to 
dynamics in g-deformed phase-space S S S> HI 01- Other interesting 
approaches in this field are the formulation of dynamics on non-commutative 
configuration manifolds [[J or view on standard quantum mechanics as a form 
of non-commutative geometry || and non-commutative differential calculus 

1- 

In this paper we formulate unitary non-commutative g-dynamics on the 
quantum level. Our starting point is an assumption that a possible defor- 
mation of the standard quantum mechanics lies in change of the algebra of 
observables with consequences on the level of dynamics. 

*supported by KBN grant No. 2 0218 91 01 
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We start with the well known statement, that probabilistic interpreta- 
tion of quantum mechanics causes an unitary time evolution of physical sys- 
tem irrespectively of the choice of the algebra of observables (standard or 
g-deformed). As a consequence the Heisenberg equations of motion hold in 
each case (in the Heisenberg picture). In the following we restrict ourselves 
to the one degree of freedom systems. 

The paper is organized as follows. Section ||. is devoted to re-describing 
of the standard quantum mechanical algebra of observables. In Section |3|. we 
deform the algebra of observables and find equations of motion. In Section f|. 
and H we consider and solve few simple models and explain why in the 
Aref'eva-Volovich treatment [|IJ the unitarity of time evolution was lost. In 
Section [5| is showed that we can reparametrize the deformed theory to a 
"canonical" form. Finally, Section [7]. contains some conclusions and final 
remarks. 

2 Observables in standard QM 

Construction of quantum spaces by Manin as quotient of a free algebra 
by two-sided ideal can be applied also to the Heisenberg algebra case. In fact 
the Heisenberg algebra can be introduced as the quotient algebra 

n = A(i,x. P )/j(i,x.p), (i) 

where A(I, x,p) is an unital associative algebra freely generated by J, x and 
p, while J(I,x,p) is a two-sided ideal in A defined by the Heisenberg rule 

xp = px + ihl. (2) 

There is an antilinear anti-involution (star operation) in A defined on gener- 
ators as below 

x* = x, p* = p. (3) 

From the above construction it follows that this anti-involution induces in 7i 
a *-anti-automorphism defined again by the eqs. (||). 

Now, according to the result of jl]], confirmed in || for the relativistic 
case, some parameters of the non-commutative dynamics, like inertial mass, 
do not commute with the generators x and p. This means that these param- 
eters should be treated themselves as generators of the algebra. Therefore it 
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is resonable to treat them analogously on the commutative level too. To be 
more concrete let us consider a conservative system described by the Hamil- 
tonian 

H = P 2 k 2 + V(x,k,X). (4) 

Here k and A are assumed to be additional hermitean generators of the 
extended algebra TC' satisfying the following re-ordering rules 

[x,p] = ih\ 2 , (5) 
[x, A] = [p, A] = [x, k] = [p, re] = [re, A] = 0. (6) 

We observe that the generators re and A belong to the center of TC' . Thus 
the irreducibility condition on the representation level implies that A and re 
are multipliers of the identity I. Consequently they can be chosen as follows 



A = /, 

1 



'2m 



(7) 



so the extended algebra TC' reduces to the homomorphic Heisenberg algebra 
TC defined by ([3]) and fl2|). Notice that TC' can be interpreted as a quotient of a 
free unital, associative and involutive algebra A(I, x,p, re, A) by the two-sided 
ideal J(I,x,p, k, A) defined by eqs. (0-0) i.e. 

TC' = A(I,x,p,K,X)/J(I,x,p,K,X). (8) 

It is remarkable, that eqs. (0-§D are nothing but the Bethe Ansatz for TC' . 

Finally, dynamics defined by the Hamiltonian (|J) and the Heisenberg 
equations lead to the Hamilton form of the equations of motion: 

A = 0, (9) 
k = 0, (10) 

x = —p, (11) 
m 

p = -V'(x). (12) 
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xp 


= q 2 px + iTiqA 2 


xA 


= £Ax, 


pA 


= r'Ap, 


xK 


= t 2 Kx, 


pK 


= e 2 Kp, 


AK 


= reKA, 



3 Observables in g-QM 

Now, the formulation of the standard quantum mechanics by means of the 
algebra H suggest a natural g-deformation of the algebra of observables; 
namely the g-deformed algebra TC g ^ T e is assumed to be a quotient algebra 

U qire = A(I, x, p, K, A)/J q(Te (I, x, p, K, A), (13) 

where the two-sided ideal J q ^ T£ is defined now by the following Bethe Ansatz 
re-ordering rules 

(14) 
(15) 
(16) 
(17) 
(18) 
(19) 

where K and A are assumed to be invertible and 

x* = x , p* = p, K* = K, A* = A. (20) 
A consistency of the system (|14H19"D requires 

\q\ = l£l = M = |e| = i. (21) 

The corresponding conservative Hamiltonian has the form 

H = p 2 K 2 + V(x, K, A). (22) 
Now, similary to the standard case, A and K are assumed constant in time: 

A = l -[H,A] = ^ (23) 

K = ^[H,K} = 0, (24) 

which implies, under the requirement of the proper classical limit 

e = 1, (25) 
r = T 1 , (26) 
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and by means of eqs. (|25|-p6D 



V(x,K,A) 
V(x,K,A) 



V(£x,£K,A), 
V(ex,K,£A). 



So, our algebra of observables TL q ^ T£ reduces to the algebra 

H qi = A(I,x, Pl K,A)/J q ^I,x,p, K, A), 
where now the ideal J q % is defined by rules 



(27) 
(28) 



(29) 



(30) 
(31) 
(32) 
(33) 
(34) 
(35) 

Finally the Heisenberg equations of motion imply its Hamiltonian form 



xp 


= q 2 px + ihqA 2 


xA 


= £Ax, 


pA 


= r'Ap, 


xK 


= c 2 kx, 


pK 


= Kp, 


AK 


= C'KA. 



X 



^-q')p 2 x + q{q 2 + e)pA 2 



K 



(36) 



and 



P 



l -[H )V ] = ^-p[V((l) 2 x,K,A) - V(x,K,A)}+ 



ar-ix 



-[V((l) 2 x,K,A)-V(x,K,A))A 2 . 



(37) 



is the quantum (Gauss- Jackson) derivative 



Note that the last term in ( 
(gradient) of V(x, K, A) A 2 . 

If we do not assume that x is linear in p (as it was implicite done in 
we cannot reduce number of deformation parameters. 

4 Simple models (I) 

Now, let us consider two simple dynamical models. 
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4.1 Free particle 

We choose the potential V = so H = 2 j2M~ 1 p 2 A~ 2 and consequently 



x = ^-((f) 4 - l)M-YxA- 2 + |((|) 2 + l) P M-\ (38) 

V = 0, (39) 

where M = |(f01)~ 2 and obeys following algebra 

xM = £ 2 Mx, (40) 

pM = i 2 Mp, (41) 

AM = i 2 MA. (42) 



Putting C, = q and /l = J we obtain Aref 'eva-Volovich model [flj. However 
the choice A = I leads to contradiction with the algebra (^0|- |42]) (especially 
with fl4"2])) and causes non-unitarity of time evolution (Heisenberg equations 
do not hold with this choice). 

4.2 Harmonic oscillator 

We start with the Hamiltonian: 

H = ±- 2 M-YA- 2 + ^x 2 MA~ 2 . (43) 

Consequently 

x = -^{{if -l)M-YxA~ 2 + q -{{r) 2 + l)pM~\ (44) 

V = ^-((f) 4 -lK 2 M^ 2 -^((f) 2 + l)xM. (45) 

We get Aref 'eva-Volovich model choosing £ = q and A = I again, but there 
is no unitary time evolution for the same reason like above. 

So it is evident that if we choose the inertial mass as a non- commutative 
generator the algebra of observables it is necessary to append another gen- 
erator to this algebra. 
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5 Reparametrisation 



It is easy to see that the conditions (|27j-|28D are fulfiled if we choose the 
potential V 9S 9 function of the one variable 



V{x,K,A) = V^xfiA- 1 ) 
where we replace K by a new generator 



(46) 



2m 



(47) 



where m e R+ is a parameter describing value of inertial mass of particle. 
Re-ordering rules for /i and the other generators are following 



X/jL 

An 



(48) 
(49) 
(50) 



Then let us reparametrize the phase-space coordinates. We replace x and 
p by new variables X and P respectively: 



X 
P 



(51) 
(52) 



Note that the transformation (|5T|-p^) is not an unitary (canonical) trans- 
formation, so physical meaning of x, p and X, P are different. 

With use of re-ordering rules (|14T-4T9"|) and (|4lj|--|5"0"|) we can find the com- 
mutation rules for the new set of observables 



XP 

An 

The energy takes the form 

H 



(f) 2 PX + m(f)J, 
[X,A] = [P,fi] = [P,A], 



p2 

2m 



V(X) = T + V. 



(53) 
(54) 
(55) 



(56) 
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Note that H does not contain either /x or A. 

The Heisenberg equations of motion are the following 



p = ^-p[v((irx)-v(x)} + 
( q -) 1 

U [V((IYX)-V(X)], (58) 



(!)' 



fi = 0, (59) 
vi = 0. (60) 



Note, that eqs. fl53|) and fl5"T|) describing the same deformation as in |L0 
(under the replacement (|) 2 — > g). 



We see that after the reparametrization ([5T|-|5^) our algebra of observables 
7i q ^ is a direct sum of the algebra Ti. q /^ given by relation ([^) and of the real 
Manin's plane .M| (generated by fi and A). Therefore it is evident that in the 
above parametrisation under the irreducibility condition we should restrict 
ourselves to the algebra generated by X and P. It is obvious that the "static" 
coordinates /i and A cannot be treated as true dynamical variables, because 
they do not appear in the Hamiltonian flSEp. 

Moreover, for q = £ the theory in fact reduces to the commutative one. 
There is essentially non-commutative one if we choose £ ^ q; in this case 
velocity is not linear but rather squared in P (see eq. (p7|)). 

An existence of classical limit h — > 0, (?/£)— ► 1 requires that first terms 
in (^, |SS|) have to vanish, so denoting q/£ = e it leads to the condition on 
dependence of 9 on h, namely it must be lim^o = 



6 Simple models (II) 

Let us turn back to the models considered in Section |J Now we show them 
after the reparametrisation. 
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6.1 Free particle 

Now, Hamiltonian is of the form 



p2 

H=— (61) 
and Heisenberg equations are the following 

x = ^- ( f> 4 >i^ + ( f>< 1 + <i> 2 >4 (62) 

P = 0. (63) 

We can observe that while the momentum P is all time constant, the velocity 
X depends on coordinate X (for £ ^ q). The explicit solution of the eqs. flBT 



|63|) is given in [10 



6.2 Harmonic oscillator 

Hamiltonian is the following 



2m 2 V ; 



and Heisenberg equations of motion: 



P = ^-((f) 4 -l)PX 2 - y (|)((|) 2 + l)X (66) 

In addition to the non-proportionality of the velocity X to the momentum 
P, we obtain a dependence of force P on the momentum P. However, the 
above two terms vanish in the commutative limit (| — > 1). 

Note that all the above equations in the commutative case have the stan- 
dard form. 



7 Conclusions 

We described the g-deformation of a quantum dynamics in one dimension. 
To obtain the unitary time developement of observables we had to deform 
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only the algebra of observables leaving Heisenberg equations as equations 
of motion unchanged. We were able to reduce number of deformation pa- 
rameters requiring consistency of the algebra with Heisenberg equations of 
motion and finally by the decomposition of the full algebra of observables to 
the direct sum of the dynamical and internal part of this algebra. This last 
step is done with help of a reparametrisation of the generators. Our final 
claim is that an essential g-deformation of the quantum dynamics is given 



by the eqs. (|53| , [57], |58|) with only one defermation parameter q/£. Moreover, 
an essential deformation (£ ^ q) leads necessarily to quantum corrections to 
the velocity and force. 
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